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The theorcstlcal development o f  a method o f  analys4s f o r  p r e d i c t i o n  o f  t h e  

aerodynamic performance o f  h o r i  zonta l  a x i  s wf nd turb ines  i s presented i n  t h i s  

report .  The method i s  based on t h e  assumption t h a t  a h e l i c a l  vor tex emanates 

from each b lade element. C o l l e c t i v e l y  these v s r t l c e s  form a vor tex  system 

t h a t  extends i n f i n i t e l y  f a r  downstream o f  t h e  blade. V e l ~ c i t i e s  induced bey 

t h i s  vor tex system are  found by apply ing t h e  Biot-Savart : aw. Accordingly, 

t h i s  method avoids t h e  use o f  any i n te r fe rence  fac to rs  't.tS1ich a r e  used i n  many 

o f  t h e  momentum theories. What' : more, t h e  method can be used t o  p r e d i c t  t h e  

performance o f  wind tu rb ines  w i t h  a small number o f  blades . 
The wind t u r b i n e  performance o f  a two-bladed r o t o r  i s  determined and 

compared t o  e x i  %ti ng experimental data and t o  corresponding values computed 

f rom t h e  widely used PROP code. I t  was found t h a t  t h e  present method com- 

pared favorably w i t h  experimental data especial  l y  f o r  l ow wind ve l  oei t ies .  

The wind t u r b i n e  performance o f  a single-bladed r o t o r  i s  determined 

sub jec t  t o  the cond i t i on  t h a t  t h e r e  was no I i f t  on t h e  counterwc4ght o r  

support span. Output power f o r  a one-bladed wind t u r b i n e  was compared t o  

t h a t  o f  a two-bl aded machi neo 



2 .  j MPRODUCTBB 

Over tho past Pew years, i nterss t  i n  the rase o f  windmil 1 s t o  produce power 

has grown s i  g r ~ l  f i cantly. I n  support s f  t t l l  s i nterest, considerabl e research 

has been di rec ted toward the  measurement and pred ic t ion o f  wind turb ine 

performance. The ma jo r i t y  o f  t he  theoret ica l  e f f o r t  employed thus Par i s  

based on a va r i e t y  o f  methods t h a t  have 1 ong been used i n  the ca l  eul a t i on  o f  

propel 1 e r  performance; c l  assi ca l  momentum theory a1 sng w i th  a number of b l  ade- 

element theor ies have been u t i  l ized w i t h  vary9 ng r'egree:, sf PIUCC~SS. 

A computer code developed by W i  :son and l.lay'~;r .i e'5 %e ,a?$ St*s~:e 

U I O ~  v6rsI  tyS &I], and e n t i  t l ed PROP, i s a t  presr 8n"tws da3,t t~ L- r:Lf:.r-:~i ne 

the aerodynamic performance o f  hor izontal  ax is  ~ . t l n d  h . ~ t - ~ \ B t ~ c s ~  JII c4  de was 

developed several years ago as a general purpose .I +a "I%li?~ t99r r ir2:tance 

computer program. Accordingly, PROP has a ce r ta in  anlbu .c af !?: i 8  e-in 

f l e x i b i l i t y ,  For example, t he  code contains fou r  blade t ip - loss  models 

(NASA, Prandtl, Geldstein, and no t ip - loss )  which can be incorporated i n t o  

the performance prediet jon; however, t he  choice o f  wkSck model t o  use i s  l e f t  

t o  the u s e r 9  ddiscretion. 

The PROP code i s  based on a modif ied blade element analysis ca l led  the 

Glauert Vortex Theory [I]. An essential assumption o f  t h i s  theory I s  t h a t  

vor t ices o r i g i na te  Prom the r o t a t i n g  blades t o  form a kel  ical vortex system 

t h a t  passes downstream. O f  fundamental importance, t h i s  t r a f  l i ng vortex 

system induces ve loc i t i es  which a9 t e r  the f low around the h l  ades and i n  t u r n  

a f f e c t  the forces ac t ing  on t i le  blades. It should be noted t h a t  because s f  

the compl ex i  t y  i nvol ved the induced vel oci  t i  es are  not  determ5 ned dt  r e c t l y  i n  

the G l  auert Vortex Theory. Instead, ax ia l  and rad ia l  inter ference fac tors  are 

ealelt l  ated from which .[;he induced ve loc i t y  o f  the  vortex system on any blade 

element can be evaluated. The ca lcu l  a t i on  of these jnterference fac tors  Ss 



sPmpl i f i e d  by assuming t ha t  the r o t o r  has an i n f i n i t e  number o f  $1 ades. This 

assumption removes the  complexity associated w i t h  the per9odici3y o f  the 

blade f low and permits d i r e c t  appl i ca t i on  o f  momentum theory f o r  the evalu- 

a t i  on of the  inter ference veloci  t ies.  However, f o r  s9 ng1e and doubl e-bl aded 

ro tors ,  o f  p r l  n c i  pa? i n te res t  here, t h i  s assumption i s  questi  onabl em 

Usars o f  ;he PROP code have frequently encountered problems w i t h  the 

c;nvlrat*clait~:cp :)f the  numerical procedure i n  the preogram. I t  has been Pound 

t ha t  ~ a d 2 ;  ce r ta i n  operating condit ions o f  a wind turbine, p a r t i c u l a r l y  those 

f o r  I arge t I p speed r a t i o s  [general ly small wind veloc i t i e s ) ,  the 1 ocal value 

o f  t he  ax ia l  in ter ference f ac to r  can exceed a t heo re t i ca l l y  1 i m i t i n g  value 

f o r  a i l  t i p - l oss  models. When the ax ia l  inter ference facto? l i e s  i n  the 

range 1/2 6 a 6 1, t h i s  s ta te  i s  known as a turbulence wake o r  vortex r i n g  

state. Under such a condition, t he  ve loc i t y  i n  the  f u l l y  developed wake 

w i l l  then reverse d i r ec t i on  and f low back toward the  rotop. Therefore, t he  

momentum-blade element theory ceases t o  be valid, and i t  i s  then necessary 

t o  modify the analysis by using Glauert 's empira"ca1 data. These empirical 

correct ions have been developed f o r  the momentum-bl ade element theory and 

discussed i n  some d e t a i l  i n  [2,4 1, however, theoret ica l  performance es t i -  

matjons i n  the region are suspect even when corrected by empirical methods. 

Experience has a1 so revealed from comparison s f  PROP code predict ions 

w i t h  experimental data t h a t  f o r  a1 1 blade t i p - l oss  models, PROP r e s u l t s  tend 

t o  underestimate measured power output both near "cut- in" and rated wind 

speeds. 

Because of t he  inherent 1 im i ta t ions  w i  t h  the momentum-bl ade element 

theory and because o f  the  need t o  develop an analytJcal method f o r  p red ic t ing  

the  aerodynamic performance o f  wf nd turbines w i t h  a small number o f  blades, 

i t  was decided t h a t  a d i f ferent  and more complete method o f  an lys is  was 4n 



order. The purpose of Lhi s report i s to  describe the develoyxlient of the 

metf~od r?rtllcta Js t ~ r m b d  a v~ t~~ tox  wake medel. 

In the analy81~~ tile *induced ve!ocity ' is dl'reetly caleulatsd by 

integration of the B i  at-Savart I av under* the assumption t i lat  a f i  1 ament of 

t Eae tra'i l -i ng vortices P s he1 i cal it1 form, extends -f nf i n'i tely downstream of 

the rotor, and has a constant diameter. I t  i s  also assumed that the he1 ical 

vartsx system produced a t  the blade ' is travelqing d~wnstream w i t h  n constant 

velocl'ty. This velocity i s  equal t o  the value at  the rotor blade, tee., the 

inflow velocity through rotor's plane of rotation. This imp1 ies t h a t  the 

i nteractjons between wake elements are ignored. The 1 ifting 1 ine theory 4 s 

used t o  model the blades. 

An analysls and a computer program for predicting the aerodynamic 

perfornlance of a hcsr.e"zsntal wind turbine by using a vortex wake method has 

also been developed by R. He Miller, e t  a1 [3]. The difference between that 

analysis and the present one i s  in the m~deling o f  the circulation around the 

blade and i n  the vortex wake and J n  the method of integrating the Biot-Savart 

1 aw t o  evaluate local induced velocities. In [3], the bound circul atisn %or 

blade Js modeled as a step functl'on. Thf s means t h a t  each blade i s  divided 

1 nlo a number s f  spanwi se sections, wh-ich are, in general, of urequal l ength. 

Each blade section i s  then represented by a bound line vortex sf constant 

strength, Si nce jump d i  scent5 n u t ?  es ex$ s t  t n eircul atisn between adjacent 

spanwi se blade sections, a t ra i l  i n g  1 ine vortex must be generated a t  each of 

these points. These he1 i ~ d l  vortlces are further approxl'mated by $7. s~t.g.!r-:B a? 

strajght l ine vertex segments, each spanning an angle oP tQo or 15* over 

which integration i s  performed, En the current analysSs, a continuous vari- 

ation of ~Jrculatton it1 the spanwi se dJrectJon i s  used and the 4ntegratJon 4s 



performed Psr the whole he l i ca l  vertex sheet i n  t h s  t r a - i l i n g  voake t o  evaluate 

the 1 8 ~ ~ 1  induced ve1oc-i t ies.  

",ti;? wtt%hod developed was found t o  be very f 1  ex ib le  and i s  capable o f  

~ ~ ~ - ~ ~ ~ ~ i ; ~ ~ ~  -,aJ +P ..u t c t i n g  "cut- in"  speeds and wind turlairie output power. The 

 netta as^! C L : : ~  baodle ro to rs  having any number o f  blades and the blades may be 

; r b  f t ~  i ;3 sk lped and "ci s"ed. However, t h i  s study w i  11 concentrate on one 

arid e w  b;aded ro to r s  w i t h  blade geometry appropriate t o  NASA wind turbines 

€ 3 9 5 3 .  

It should a lso  be mentioned that, although t he  analysis presented i n  the 

repor t  i s  1 imi ted t o  steady uniform flow, t he  technique can be read i l y  

extended t o  non-steady wind w i th  shear f low and t o  the case o f  an expanding 

wake. 

Because the method proposed herei  n i s  based on a propel ler  model and 

because PROP a l so  i s  based on a number o f  prope l ler  models, i t  was f e l t  t h a t  

a b r i e f  revlew o f  some propel ler  theor ies as appl i ed  t o  wind turbines was 

approprfate. Hence, momentum theory, blade element theory and vortex theory 

w l l l  a l l  be b r i e f l y  discussed i n  Appendix A. 

I n  the following, the present method, which i s  based on the vortex theory 

of propel lers along w i th  Moriya's Theory [63, w i l l  be described. D i  scussisn 

v ~ i l  l be given as t o  how Moriya's Theory may be imp1 emented i n  determining 

wind tu rb ine  pesf~srriance~ Results o f  a number o f  ca l  cul a t i  ons w i  11 be cow 

pared w i t h  ex i s t f  ng experimental data. F ina l ly ,  the  method w i l l  be used t o  

pred4ct the perforrimnee s f  a s i  ngl  e-$1 aded rotor. 



NOMENCLATURE 

axi a1 i nterference factor 

rotati onal i nlerferonce factor 

1 i f t  curve slope 
+ 3 

rnagntitude of vector ( s  - ro ) 

sf ne serfes coefficients 

dr'stance shown 'in Fig,  A-5 

l i f t  coeffier'ent for zero -Incidence 

ctiord 

m a t r i x  defined by Eq. (2-68) 

drag ~ o s f f i  ~$et?i  

1 i f t  coefficient 

power coefficient [P/(? l?pv~%',3)1 

drag 

parameter def i ned i n Eq. [A-36) 

general f unsti ons 

axial force or drag on wind turbJne 

reducaf;9 on fastar 

function defined i n  Eq. (2-71) 

parameter defined as h = r tan$ 

u n i t  vector a7ong X a x i s  

induetion factor 

u n i t  vector a1 sng Y a x i s  

u n i t  vector along Z axis 



ser4as Pndox 

non-dqmanst onal cr'rcul atsion di str.il>ution function 

1 ift 

mass flow rats 

number o-f' blades 

pressure 

downstream pressure 

power 

rated electrical power 

generated el ectrical power 

power produced by rotor 

torque 

non-dimensi onal torque 

distance a1 ang the blade 

radius o f  rotor 

effeeti ve radius 

radius defined as RL = R cos$ 

posftfsn vector from the origin t o  an element s f  the 

trailing vortex f l  lament 

gap width between vortex sheets shown Sn Fig. A-5 

vel oeity of airflow through rotor 

radial component of veloclty 

circumterenti a1 cemponent of vel sc4 t y  

mean vel oei t y  

w i  nd vel ocl t y  

down st ream vel oci t y  

f tiduced vel oc i t y  



vel oeei2:y of rf gid he1 ico*idaI vortex sheet 

normal csmpsnsnt sf S nduced vel sci ty  

tangential component of i ndueed vel sclty 

eonrponent o f  i nduesd vel oc'ity i oa X direct? on 

component o f  9 ndueed valoci ty i n  Y dirgetjon 

component s f  induced vel oeity J n Z direction 

resultant vel ocily 

undi s turbed  vel ocity 

X axis 

Y axis 

rearward distance from the rotor, Z a x i s  

angle s f  attack 

ef fec t ive  angle s f  a t tack  

geomatrqc angle o f  attack 

induced angle o f  attack 

blade angle 

vortex strength 

Jnlesval around a s i  ngul a r i t y  

angle defined Jn Eq. (2-43) 

vector defined i n  Fjg. 2-2 

transformati on variab'l e defi ned in EQ , (2-74) 

pjtch angle sf  a he1 ix-ical vortax filament 

azimut ha1 varS abl e of a he1 ical vortex f i 1 ament 
measured from 0k 

angle between the X-axis and the kth  blade 



vo 
speed ra t io ,  --- 

RQ 

rD 
speed ra t io ,  -- 

vo 

~ l r '  
speed ra t io ,  --- 

VQ 

Dl? 
t i p  speed ra t io ,  --- 

\Po 

non-dimens f onal d-i stances a1 ong the bl ads 

parameter def -i ned by Fq . (A-36) 

dens9 t y  

r o t ~ r  sol i d i t y  [NC/(2mR)]  

1 ocal sol i d i t y  

parameters defined by Eq. (A-43) and Eq. (A-44) 

angle def j  ned by Eq. (2-26) 

vel ocP ty  potenti a l  

con9ng angle 

rotat ional  speed 

rotat ional  speed imparted t o  the  a i r  



From *ideal flsw t h ~ o ~ ~ g  ?t may bc recallad t h a t  vorlletity $ 5  dcfjncd 3s 

tw ice  the anger1 clr v~lo@~!ty  0% an elel~~aat s f  fluxid. A regiesn eontainjlag a 

ootacantrated amount sf  v s v t l e i t y  'is gal3 Pcd a V @ P % ~ X  a13d a v8rt~i~ I s  said to 

6aave a s t r ~ t ~ g t ! ~  equal t o  the ctrcu?atfsta aroua~ei the vortex at3@& F S B ' B ~ ! I D I ~ Z  

t!ilssr~ns E7LB aro a set ~f ~ ~ r ~ p o s ~ t 0 ~ f a s  t h a t  apply t o  vorticas and vortex 

no@F~avsf@s. Orat. tkcooqen states @laat I ta  an 'inv'isctid flow wlth jn  whblch t he  

forces are ssnsarvat9vs and the p296ure is only a functlon sf BansPty, 

rotatPsn sf Fluid partiel es, wh4cR travel a1 sng stream jlnas, is  per~anat~t,  

Fson th-is thaoren, sften reforred %s ns the vortex eantfnua!i;gr theorem, i t  

bewmss sv-ident ghat  a vor'ex aSa"1~mont tcan~ot ond abruptly, and, unlass the  

fflanent farms a elasad path, &it must sxtsnd oPthar t o  fnf%n4ty or t o  t he  

P-ield that. the fJ 1 anent generates. This velseity 4 s commsnly referred to as 

t iacl l~aduecd vc."PscOty. The '8"ndkaeed vsl hacity can be ealcesl a"cd froon the 

Ciot-Savart l aw %83 as 

-3. -P 

wl-risve dwj J s the *induced velseity due t o  a vortex elem~nt,  o f  l engtll ds 
-3. 

and strength y, and r i s  the positJon vector from the point  a t  which the 

induced VEI 0c'it.y i s being ealcul ated t o  the eleiwnt o f  the vortex. 

2.2 Vortex Theory of: Propellers 

The vortex @!~e~ry o f  propellers i s  based on the concept t h a t  each 

el~msnt o f  the bl ads can be treated as a two-diinensirtnal airfoJ1 section 



s~bje6t  @a a GQBI)%C?J~ 186a? resul t a n t  velocity W and that the Iocdl 1 i f t  sf' 

th(? bl  ado olemetat, QL, (S s as8068ated wit11 the efreul a l lon r around the 

contour of  the c?9r3f0'i'D. Tho ~ Q E ; Q ' B  resultant veloc'ity ' i s  found from the 

vector  sun of  "i9aa f r e e  stream v b ' P ~ ~ $ t y ,  t he  clrcufifsrsnt-!a? veloeIty 0s the 

s~ct4on and the t nduced 41 sw vel oef ty. Tha Kutta-Jsukowski tt~eorem g93, for  

each blade elemsnd, may be written 

where a 4s the Iscal dsnsity of the a i r  and d r  9s the elemental blade 

I cagth. In general, th$circul ation r around a blade wi l l  vary a1 ong the 
dl' 

blade sljara. As the cireulatiepn changes tlv the amount - d r  between the 
d r  

points s and r + d r  along tho blade length, i t  fs l  lows, frrsm tka vortex 

eonti nu-ity princi p9 e, t h a t  a t r a i l  i n g  vortex f i 1 ament o f  the same strength 

crnanatss f rsm the blade el emsnt and extends i nfinttely Par downstream of the 

blade. Because LraP 1 fr~g  vortt ees emanate from every point al ong the rotating 

blade, they form a vortex sheet o f  approximately helical shape. The number of 

such sheets i s  equal to  the number s f  blades, Due to  the trailing vortex 

sheets there 'Is an fndueed velocity dist~*!bution, w i ,  i n  tile plane s f  rotor. 

ThSs induced velscity can be used to  obtain the local resultant ve l~c f ty  W 

that ilnay i n  turn be used 9n the Kratta-JoukovrskJ theorem to determine the l i f t  

on a bl ads element. 

2.3 General Assumptions 

The princfple assumptions on which the present analysis of the 

aerodynamjc performance s f  a horizontal axis wind turbine i s  based may be 

stated as  follows: 

I )  t h a t  the a i r  ?low -Is incompressoible and invtscid, 



2) t h a t  the Tree stream vslscqity Ps al~vaya para1 la1 t o  tho rstot* shaft 

celater%*iinc and un.iforn along the span, 

33 t h a t  the  r s l a t i v e  ve%oeJty 0F a blade e l~mant  t o  the airstream i s  

i dsnl$h=a? do the vel oc-ity Lhat the blade el oment wouf d ttavs were *it 

placed Pn a tws-d9merns9anal stream wi th an -identical r e l a t i  ve 

velocity, 

4) Lhat the t r a i l  3 ~ g  vortex system i s  nel:eoidal wi th  constant p i  tch 

and diameter, extending i n f i n i t e l y  f a r  downstream o f  the blade, and 

mavf ng wS t h  a constant vel oc i ty  determined a t  the r o t o r  (semi -ri gid 

wake), and 

5) t ha t  the hub bas n@ ef fec t  on the rotor Flow. 

Unl ike sther vortex t!ieoriss &,go ,  Goldstein 6101 and Theodorson 6113 

theories, the present method of analysf s ,  wh4eR WP 11 b% termed the he1 i c a l  

vortex method, does not res ts fs t  the e i rcu la t ian  along the blade t o  that  s f  

an optimum dl'str'e'butf on cor~espondi ng t o  a r i g i d  he1 i ca l  vortex system moving 

backward from the blade w i t h  constant velocity, However, l flee other vortex 

methods, the curvent ~ e t h s d  does assume tha t  sl ipstream expansion i s  s f  

secondary impotatance and thus may be neglected. S1 i pstream expansi on 5 s due 

t o  the gradual decrease o f  ax ia l  ve loc i ty  beh%nd tbe ro to r  \vl~ieh i s  caused by 

the  decrease r"as pressure benind the rotor. The decrease i n  a i r  pressure 

behind a w5nd turbaine and the Sncrease i n  aPr pressure Immediately i n  f r on t  

s f  ro to r  i s  a d i rec t  react ion o f  the axial  force on the wind turbine, Lt 

should be noted t ha t  the f i r s t ,  second and thSrd assumptions i n  the preceding 

1 Sst of assurnpljons are  ident ica l  t o  those used i n  Goldstein and Fheodersqn 

theories. Further, no hub .is permi ssJb9e i n  e?ther 05: these theariss; a1 3 

i nlegrat fsns must begin a t  the orbigin and not a t  the hub radjus. 



The physsica'9 avrangemen'c o f  the  problein a t  hand i s  -i l l tnstratsd i n  F i  9. 

2-2. Tho cssrd'inate systems f o r  the a~a l ys ' i  s are shown *in Fig. 2-2. The 

@av*tes*ian coosd-it~atos X, Y, and Z are f i xed  i 13 a space and were chosen such 

ellat the It-Y axes form a plane o f  r o ta t i on  and the Z-axis i s  t i ~ s  ax?"% o f  

r o t a t i  on. Moreover, t he  Z coordinate i s  the  distance measured From the r o t o r  

t o  a segment o f  t r a i l  i ng  vortex para1 Is1  t o  t he  a x i s  o f  r o ta t i on  o f  the  rotor. 

The second coordinate system used i s  a cyl i nd r i ca l  coordinate system (r*, ssz)  

which i s  f i xed  t o  the r o t a t i n g  blade. The r -ax is  i s  d i rected along the  blade 

span, the 0-axis measures the  azimuthal angle measured f r o m  the kt11 blade and 

the z-axis i s  the axjs o f  rotat ion. To f a c i l  i t a t e  the analysis, the $lade 

whose induced ve loc i t y  i s  t o  be calculated, i s  assumed t o  be cor'nc4dent w i t h  

the x-axJs as shown I n  Fig. 2-2. 

2.4 Calculat ion s f  Induced Veloc i ty  

As has been mentioned, i t i s  assumed t h a t  the vortex Pi  lament LraJI lng 

from a blade element extends i n f i n i t e l y  f a r  downstream o f  the rotor. 

Assec.iated w i th  t h i s  vortex i s  a ve loc i t y  field, commonly re fer red t o  as t k e  

i nduced vel ec 1 ty. Thi s vel oc i  t y  f i e l d  can be s a l  cul ated from the Biot-Savart 

l aw €31 i.e., equation (2-1). This law i s  stated i n  vector d i f f e r e n t i a l  form 

a s  

+ 
I n  t h i s  equation, dwj i s  the d f f f e r e n t i a l  ve1ocit;y induced a t  a pofnt  r' on 

3 

t h e  blade due t o  a segment, do, s f  the  t r a t l  i ng  vortex f i lament which had 
d r 

csrl'ginated a t  a po in t  r on the k t h  blade, Also dl?, o r  -dr, i s  the change i n  
d r  



Fig. 2 4  Physical model of the problem 



Fig. 2- 2 Helical vortex geometry and cvssrdinate system 



@Prsur'Bat'ion between the points r and r -1- dr along tho  blade, w91-ieb-r i s  aqua1 

t o  thc cjrcul a l i  on of  ttae t ra i l  Jng vor tex f ram the bl ads element dr. 

" + 
Vectors s , , and tlae d i  Qfarenti a1 vortex f.i 1 anent 3 ength , dn, are 

stlawn J I I  Fig. 2-2, and may be expressed as 

I n  tiaesa expressions 0 9 s the  azimuthal angul ar variable o f  the he1 i x  measured 

from the I:th blade and f s  the  p i t c h  o f  the helix. B o t h  are shown i n  Fig. 

2 t e t t jng  h = r tan$ f o r  sfmplieity and noting tha t  @ i s  related t o  the 

i n f l o w  velocity U and the  r o t a t i o n a l  velocity s f  rotor, Q, by 

i t  follaws t ha t  

Thus, equations (2-5) and (2-6) may be written 

Using these equations, the cross product in the numerator o f  equation (2-3) 



can be evaluated as follows 

A1 so, 

+ 
Let t ing A = I f  - I for simp1 icity, not ing that d r j  can be expressed in 

terms s f  4 ts components as 





Fig. 2-3 V2ba2Bty diagram sho~vlarg induced vei~city and its components 



dr 
JF d r  - r '  eos(0 + ok)] 

dwZ - - el0 (2 -23) 
4% k-l 

However, dwx = 8 i f  the  diameter OF the vortex h e l i x  i s  constant, In 

addition, 1P t h e  induced ve loc i t y  a t  radius r' i s  decamposed i n t o  d i rec t ions  
-3. 

normal and p a r a l l e l  t o  the undisturbed velocity, W '  , o f  the  blade el ernent 

( r e fe r  t o  Fig, 2-31, i t  may be seen t h a t  

where 
'1 Vo 

4 '  -- tan - 
rS1 

r'Q 
L e t t i n g  11' = -, it i s  easy t o  show that  

"0 

Using these equations, the elements o f  induced ve loc i t y  components can be 



Lr2 rr' cos(o + o k ) ]  u 8  + h Lr cos(o + ok) + 
dwn = - 

45i I:-1 A3(1 ,112)?/2 

I f  the coning angle Y ,  shown in Fig. 2-4, is taken J n t s  account, the 

componants o f  the indanced velocity may be expressed as 

d r  00 

z7 dr [rz - rr' cos(0 + e,)] u' + h [r cos(0 + ~ 1 ~ )  + 
dwn = - 

/ l~b=66Y A3(1 + v ' 2 ) 1 / P  

re sin(0 + 0k)  - r ' ]  
d0 



Fig. 2-4 Effect of coning angle on Made element forces 



Nsn-d~imensfsnalCzitig the  $*!stance paramstsrs by t he  r o t o r  radius R 

and combbi ning w i t h  equation (2-19) y i e l ds  

A1 so, 

where Xo, t he  speed ra t io ,  i s  defined as 

By apply ing equatfons (2-33) through (2-38) to equatfans (2-31) and (2-32), 

t he  d i f f e r e n t i a l  components of induced ve loc i t y  can be rewr i t t en  as 



Phs t o t a l  csmponak~ts o f  induced vel oe i t ies  can be obtained by i ntegrat ing 

equations (2-39) and (2-40) along the blade span from the non-dimcnsSsna1 

hub radius, QheDb, t o  t h e  non-dimsnsional t i p  radius, I. Ilowevar, M ~ r i y a  

proved t h a t  wt i s  always zero a t  any po in t  on the blads. I-lence, the  t o t a l  

fndueed ve locf ty  a t  pa jn t  re of  the blade due Lo a l l  t r a j l  jng vor t ices 

or- ig inat fng Prom the bl adc i s ,  

E t  can bs seen t h a t  d i f f i c u l t y  ar ises when the jn tegra l  i n  equation (2-41) 5s 

avaluated a t  the psOnt 6 = 5 '  when Q ok = 8, In th is  case, the i n tegra l  

becsriles *i n f i  tsi tely large, and because o f  t h i s  sJ ngul a r i  t y ,  t he  .l urtegral i 1-1 

equation (2-39) can not be accurately determined i n  the neighborhood of t h i s  

par t i  cu? ar point. However, t he  probl em can be reso l  ved by applying Moviya' s 

Theory 663 which i s  described i n  the next section. 



Woriya g43 has developad a simple method f o r  determining the 

dsv~nwash ~1 aeOty. Thi s was aecompl ished by introducing an addi t ional  

parametea" t o  t h ~  analys9s. T l~ l ' s  fac to r  * is  defined as the r a t i o  o f  the fnduced 

veloci ty,  due t o  a he l f ca l  vortex, t o  the induced veloc.ity, due t o  a s t ra igh t  

vortex, o f  the same strength i .ae, 

where dwn and dwn1 are induced ve loc i t i es  created by he1 i c a l  and s t ra igh t  

vo r t l css  rsspsctlvely. The f ac to r  I i s  approprjately termed an induct ion 

fac to r  and may be considered t o  be a continuous function. 

Induced ve loc i t y  a t  po in t  in' o f  the blade due t o  a he1 i c a l  vortex sheet 

emanatf ng from po in t  r o f  the blade can be obtained from equation (2-39). 

The ve loc i t y  induced a t  po in t  r' of the blade due t o  a s t ra igh t  vortex sheet 

emanating from poi  n t  r of the  b l  ad@ and extending i n f i  n i  t e l y  f a r  downstream 

o f  the $1 ade can be obtained by applying the Biot-Savart 1 aw. The f o l  lswing 

apply f o r  a s t ra igh t  vortex l i n e  



=I= => 

I n  theso rslat-ions, G 9.3 tias angle Eaotr5sen the vector (s - r' ) and ttx 
-I= 

normal t o  dq. Introduc.ing equations (2-43), (2-44) nod (2-45) .into equation 
'ii 

(2-2) ratad .ikat@grattiflg from 8 t o  the  4nQucad vel oc i  ty  a t  t he  psi st an' 2' 
~f the blade due t o  a s t r a i gh t  vs~tsx l One t h a t  emanates frsa po4nt r om? the  

blade and LraJIs 9nfJnjGely f a r  dawnstseam sf  the  blade can be expressed as 

I n terms of non-dimens-ional ized radial distances t h i s  equation may be 

w r i  t t a n  

I f  the blade I s  ro ta ted by a coning angle I#, equation (3-47) becomes 

By csnbtning equations (2-42) and (2-431, the  element o f  the  normal 4nduced 

velocity due t o  a helical vortex sheet orjgJnatSng a t  po in t  r on the blade 

may be written as 



An fnductPon fac to r  wk4ch * is a f u n e t h n  sf 6 ,  5 '  and A, only i s  derived, 

usPng aquations (2-39) and (2-4-91, as 

I t  should be pointed out t h a t  the i n tegra l  i n  the above equation becomes 

i n f i n i t e l y  l a rge  as % approaches 5 '  and a t  0 -- '3k 0. Thus, i t  would appear 

t h a t  the jnduction f a c t o r  can not  be determined w i t h  any accuracy f o r  a small 

segment i n  the neighborhood of  6 ' .  However, s ince the induct ion f ac to r  i s  a 

continuous func~Son, by v i r t u e  o f  i t s  def-irit ioil ,  -it ecn be apprsximated by 

i n te rpo la t i on  i n  the neighborhosd o f  6 = E ' ,  Numerical values f o r  the 

i nducti on Pactor were detsrmi ned by using Laguerre-Gaussi an quadratures. 

De ta i l s  o f  t h a t  i n tegra t ion  may be found i n  volume I1 o f  t h i s  report. Having 

detsrm8ined the  d4s t r ibu t ion  o f  the  induct ion f ac to r  along the blade, the  

induced ve loc i t y  a t  any po in t  6' on the  blade can be obtained by i n tegra t ing  

equation (2-49) from the hub t o  the blade t i p ,  i.e., 

YhS s i n tegra l  can be numerically evaluated p rov id i  rig an appropriate Puncti on 

f o r  c i r c u l  a t i s n  s i s  'in hand. This step w i l l  be performed i n  the next two 

sect.isns. 

2.6 Gsvern4ng Eguat i on Formul a t i s n  

The governing equation can be formulated from the f a c t  t h a t  i f  the  blade 

sect ion i s  posi t ioned a t  a geometric angle o f  attack, ag, r e l a t i v e  t o  the 

undisturbed incoming f l u i d  ve loc i t y  W '  , i t s  se t t i ng  re1 a t i  ve t o  the resu l tan t  



vclocr ' ty U, 'is ng dSmineisbed the downwash angle, Fig (2-5). Thus, t h i s  

sqeaation may be \weittan as 

ag (xe - a j  (2-52) 

where ae i s  e f f ec t i ve  angle o f  attack and ai, the  induced angle of attack. 

The i nduced angle o f  at tack may be ob2;a.i ned Prom Ff g. (2 - 5 )  as 

-1 rJn 
".I = tan - 

W 

The f a c t  t h a t  the induced velocfty, and therefore the induced angle o f  attack, 

-i s ftsel f a negati ve rauint~er accounts f o r  the  negative sei gn J n equation 

(2-52). The geomstric angle o f  attack can be obtained from Fig. (2-5) as 

-1 A. 
ag = Can (-1 - 6 

E 

where M i s  the p i t c h  angle s f  the blade element. 

The induced angle 04 attack may be expanded i n  a power series i n  terms 

w n *n 
s f  - and, since the  value o f  - l"s usual ly small, the  ser ies may be 

\I' W '  

truncated a f t e r  one term i m e e 3  

Comb-inf rmg equatl'sns (2-51) and (2-551, the  +induced angle o f  at tack at pol'nt 



Fig. : 2-5 WePocity diagram ah~wing the effect of induced veiocity 
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Now introdueit ig (2-61) i n t o  (2-56) y-ields 

From equations (2-591, (2-60) and (2-61), and approximating the re1 a t i  ve 

ve loc i tyy ,  W, by t he  undisturbed ve loc i t y  W '  ( i n  f i r s t  i t e ra t i on ) ,  the 

f o l l  owf ng equation may be w r i t t en  for any point 5 '  al  sng the b l  ade 

D 

5 - Chub 
f b  s i n  CL (ae) 50 

1 - chub 
m-1 

v 0 
a ~ ~ d  h n- P S  ~ ~ s e d  f o r  the F i r s t  jterats'caw. 

SE 

C!al s cquation can be regarded as a re1 at ion  between ae and the unknown ci rcu- 

l a t i  on caaPP-ieients Am. Thus, by subst i  t u t l  ng equation (2-63) i n t o  equation 

(2-62) Tcsu. aey, and making use of  equation (2-62) f o r  a i ,  a single elrpression 

a"s obtniroed vilafch alllows the  unknown Am t o  ba datern~inad. f.loweverr, i t  i s  

t ~ o t  ac?lwl?ys possible t o  obtain an expl-iea't equation f o r  the seetion l i f t  

cac.FF-licden-;; i n  terms s f  t he  ssct ion angle o f  at tack 4von two-dimawsional 

air-70.21 datao  I n  t h a t  event, the scs%ut-is~~ must be obtained numerically. 

A P f r s t  appraximatfon s f  the %olut*isn f o r  ae m a y  be obtained by assuming 

a l d near re1 ation betwee11 sect ion l i ft coe f f i  cf ent and the seet i  on e f f e c t i v e  

angle o f  attack i .e., 
CL - aoae + bs 



By introducing GCI " ; cqux2.l r 2 4 nto seqeoaLPon (2-59) and rearrang9 ng, t h e  

sect ional  s.l.'.Tccp vvoe c~ss :^~  o f  at tack *is Tound t o  be 

Combf n4 ng cquati ons [2-521, (2-54) and (2-65) y ie lds  

T:JW u~3.i $-I ng ~q~c?'; i  O ~ S  (2-61) and (2-62) w i t h  equation (2-66) rcsul t s  9 n 

Equation (2-67) Is appl i s d  a t  M l oca t ions  of 5 ' .  Thus ,  a system of M 

equations are  abtatned which may be solved f o r  t h e  Am. Subst i tu t ing  the Am 

in to  equation (2-61) 'and introducing the results into equatlon (2-65), 

produces an approximate value of  ae a1 ong the blade. 

A b e t t e r  approximation than the above l i n e a r  form may be obtained by using 

two-d4mensPonal a i r f o i l  da ta  and empl oy4ng the f o l  l mi ng i t e r a t i o n  process: 

1) Use local  ae obtained from equation (2-65) f o r  M loca t ions  along the blade 

t o  ealcu? a t e  t h e  sec t ional  CL f r o m  two-dimensional af rfsil data. 

1 
2 )  Calcula te  the 1 ocal c i r eu?a t ion  r : r =- cGICL. 

2 
3)  Using equation (2-61) and values of r obtained i n  t h e  second s t ep ,  t h e  

Pol lowi ng matrix equation may be es tabl ished t h a t  can be used t o  determine 



4)  Calculate l oca l  ai using equation (2-62) 

5 )  Caleul ate a nevi local ac : ate = ag -+ a: 

6 )  Obtain CL from two=d4wenslsnal a i r f o i l  d a t a  using the value s f  ae 

eal cul ated i n  step 5. 

7)  Con~pare the most recently calculated C t  t o  the previous value o f  CL and 

i f  6 6 ~ y  at-o equal, stop "LIE li"2vation, otherwise, go t o  step 2. 

2,7 De%armJnatP"on of' Induced Angle o f  Attack 

The induced angle o f  atlaelc can be obtained by apply-ing equation 

(2-62) lee., 

However, t h i s  expression has a s i ngu la r i t y  a t  the  po in t  5 = 5 '  and 0 = 0k = 0. 

To remove t h i s  slngul a r i t y ,  the above in tegra l  i s  broken i n t o  three separate 

1 

chub chub 

where 

and 6 i s  a very small number (a 6 of loo5 was used i n  the computer program). 



The second integral on r-i ght hand sf cRe 0s" equatj on (2-761, st4 11 

contains the  sf ngul a r i t y ;  however, i t  may be given an approximate 

treatment as followc,. The *;nduction Pastor i n  equation (2-50) i s  suinnled 

over a1 I blades. Thus, tha  Pastor may be w r i t t e n  

I -Ip-I;?+=. . , (2-72) 

where t h e  subscripts denote the corresponding kl ades. ConsJderi rig the  

p a r t  icul ar case s f  twe-bl aded rotor ,  -1 ,e., N=2, and using equation (2-71)) 

t h e  second in tegra l  i n  equation (2-70) can be rewr i t ten  as 

I t  should be noted only t h a t  the  f i r s t  i n tegra l  i n  the  above contains the  

singul  ar f ty ,  The reason f o r  t h i s  i s  t ha t  the 1s t  blade coincides with the 

X ax is  and contains t he  po in t  6 =: 6' and 8 = 01: = 0. Making a change o f  

var iab le  
11 = E - E l  

allows thPs in tegra l  t o  be rewr i t ten  as 

The in tegra l  now can be expanded as fo l lows 



By sxpanding s ine and cosine tei-i: ":a power ser ies and drspplng terms o f  

orde r  n2 and l a rge r  and not ing C,'. 2 6 1  can be approximated as un f ty  (*in the 

region o f  the sf ngul a r i t y  the !;>I .Sea% vsrbort appears t o  be  stra"rgkt, thus by 

d e f i n i t i o n  (9~1) -in the fntpii3~;17 cZ Tcstsgratisn, i t  can lac shown t h a t  

5 '9  rl - %ub I 5' - Ehub 
fim) (- s i n  (mn)(-- 

1 - &hub 2 - thub 1 - chub 
1 

- 6 
(2 -76) 

The second i n teg ra l  i n  equa9t*isn (2-73) i n  wE~i.eh = x can be d i r e c t l y  

calculated, and hence, the induced angle 0-C' attack may be determined, 

2.8 Power, Toque and Drag On a Wind Turbine 

Once the i te ra t i on  ! s successful ly concluded and the e f f e c t i v e  angle 

o f  at tack calcul ated, r o t o r  forces and momentums and potvQr can be cal eul ated 

by apply! ng the f o l  1 owi ng equations 



Equations (2-771, (2-78) and (2-79) can easily be obtained from the geometry 

of Fig. 2-6 and noting t h a t  CL and CB, the section 1 i f t  and drag toe-FPicl"ents 

resp&et*ively, are defined as f 9 j  

dl- 
CL = 

1 /2p~Zcdr 

3. RESULTS AND DI SCUSSION -- 
A dl'gital computer program was wrjtten t o  perform the analysis of the 

precedfng section. The flow diagram and the algorithm of performing the 

jteratf on procedures described in the previous section and a 1 i st of the 

computer programs will be presented in Volume I1 of this report. Results 

from several numerical investi g a t i  ons usb! rig the program wi 11 be presented 

for both single and double bladed machi nes. Computed performance data  will 

be compared, where possible, t o  existing experimental data  and t o  results 

obtained from the PROP code Tor the same operating conditionso 



Fig. 2-6 Force components on a blade element 



8,1, Dstsbl eaCil adat ,  VACA 23024 A t  \-Pot! 1 WB nd Teaa9Esl ne Cnl  eul a t  i ons 

I n  tEaOs s e ~ t i ~ n ,  tlao power o u t p t ~ t  o f  a dduble=b4 aded ro to r  winti tu rb ine 

will be presented far four  p i t ch  angles and two d 4 f f e ~ e n t  rotat*isnal speeds. 

Tho ada p r ~ f f  'P E? U S O ~  iba a1 1 C Q ' ~  6 ~ 1  at4 on6 9 s ~n NhCA 23024 a*! rf oP 1 . Sh PJ s 

pilrt ' i~t41 ak blade se@t!8n was ef1086n baeauso *it 1 s t he  blade soet.ion used .in 

t h e  ear l y  NASA, 1 args, wei nd turbines. PerqtP ncnt bl adc .i nfsrmat i on  a's 

d*ispl ayed t-i Table I. The dimens.iont3 o f  t he  $1 ado are g ivan %in F4 g. 3-1, 

and the aerodynamic blada data, 9 .em, the  1 1 f t  and drag coeffIcBent 

curves, are shown i n  Figs. 3-2 and 3-3. These curves ware taken from [12%. 

Further, because port'rons 04 t h e  wind tu rb ine  blades may operate i n  t he  

ons ta l led  region," whfck occur a t  blada angles s f  attack app~oxPrnately 13' and 

l arger, %he aJrfof1 data had t o  be supplemented w i t h  add i t iona l  information, 

This high angle o f  attack informat ion was taken from C a l m  HL w i l l  be shwn 

'8 a ter  i n  t h f s  sect*ion t ha t  be t t e r  understanding o f  t h i s  operat i  tig regiovr Ps 

urgent ly t ~ ~ a d e d  4f improvements i n  performance p red ic t ion  are t o  be realized. 

'Ed: shsuld also be mentionad t ha t  suv*fa~e V Q U ~ ~ ~ ~ S S  has been accounted for" Jn 

Figs. 3-2 and 3-3, and t ha t  the  curves correspond t o  a "ha l f  rough" (average 

between rough and smooth curves) values. The Reynolds number i s  t h a t  

ca lcu la ted a t  the wid span s f  the  blade, hanee, no account o f  the Reynolds 

number va r ia t ion  along the blade Js included. Subsequent evaluations can, 

however, sasily account f o r  both b l  ads surface roughness and Reynolds number 

effects sdmply by inc lud ing t h i s  data as pa r t  o f  the  computer input. A t  t he  

present t ime, these effects were cons4 dered secondary and t herefsre no e f f o r t  

was expended t o  imp1 ement them i n  the computer program. 

C i  rcul a t i  on di str4 b u t i  on a1 sng the blade must f i r s t  be deterwi tied i n  

order t o  eal cul a te  w i  nd tu rb ine  performance. Th i  z i nvol ves eval  uat f  on o f  the 

assumed ser jes f o r  the c i r cu la t i on  as described i n  the  previous section. 



A sampl a of @6ae var3atJori o f  thS  s parametar aga ins t  nsn-d*imenseiona9 radius 'is 

pl  olted ,in F.1 go 3-4 for the opcrati ng conditions s p ~ e ~ i  f ied. 

Figure 3-5 was constructed i n  order to  compare predicted wind turbine 

power output t o  exSst+ing axper.imenta1 data. The experimental data  was taken 

Prom NASA Mod-0 test  results described f m  643, 651 and &12]. Predicted pswar 

output values were computed for a blade f i xed  a t  a pitch angle of 0'. 

Experimental outgvt data  were obtained for a blade pftch angle of  0" for wind 

speeds below 13 mph; a t  wind speeds larger t h a n  18 mph, the blades were 

p.itched i n  order t o  ma4ntajn the ratad power level of the machine. 

I t  should be mentioned tha t  the pswar output i n  Fig. 3-5 i s  not rotor 

power. Enstead, an empirjcal relation, taken from 653, relating the rotor 

power t o  the alternator power has been used. This relati~nshlp. aeceu~ts f ~ r  

tfae losses in the power trananiss*ion (gearing, frictl'sn, etc.) and, of course, 

i s  neat appl !cable t o  al 1 wind turbins a'nstallatisns. The relation i s  given by 

p~ c2 0.95 (PR - 0.075P~) (3-1 1 
where 

PG = generated electrical porrer, kW 

PK = power produced by the rotor, kW 

PE = rated electrical pswer, kW 

From FJ g. 3-5, lit can bee seen t h a t  i n  general there *is excel lent agree- 

mcnt between pr~djcted and mean values of o u t p u t  power. FurEhern~re, the 

present method predicts a "cut-in" wind speed of 8 mph which agrees very well  

w i t h  the actual value reported i n  &43. 

EJgurs 3-6 was drawn so as t o  compare predicted alternator power values 

sf the present method to corresponding values found by using the PROP computer 

code. AS may be seen, four models of the PROP code have been used: the 

Prandtl model, tile Goldster'n model, the no-tip-loss model and the NASA model. 

The theoretfeal background for both the Prandtl and Goldstein models i s  



Table  2.. O p a ~ a t i n g  Condition s f  the Ut98 i t y  Pole 

I 

Bl ade Geometry --- 
Percent Root Cut-But 

I-- 
--- 

I 
Blade Radiuss ft. 

Coning Angle, Deg. 
_-- 

Sol jdfty 
- - - p l y  

Thf  ckness t o  Chord h t f o  
- 7 p - W  

I 

A? rf0.i l NACA 230-24 

PJtsh Angle, Deg* I - 1 , 0 , + 1 , + 3  
I 

M rfof 1 Surface 

Opera%$ ng, RPM 
.LIBI.- --- 
Blade 7w-i st 



Fig. 3-1 Chord distribution along the blade 





Fig. 3-3 SECTION DRAG CBEFFTCIENT US. SECTION RNGLE OF ATTACK 
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Fig. 3-4 CfRCULATXON DISTRIBU"l'0N ALONG THE BLADE 
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pig. 3-6 Alternator Power V.S. Wind Speed ; Zero Pitch Angle 



b r i e f  y treated in Appendix A; the no49 p-loss rradel i s  sel T descsipti ve as i t  

doas not account for any blade end effects; the NASA model exploits the 

simp1 9city o f  the no-tip-loss model by accounting for blado end effects solely 

by a reduclfsn (3%) o f  the  blade radius -- this met1108 i s  also called the 

effective radius model. 

Reference t o  Fig. 3-6 shows t h a t  results determPned by the present method 

are  anywhere from 10 t o  15% higher t h a n  those predicted by the PROP code Por 

wind speeds ranging from 8 to 28 mph. These results when combined with those 

of Fig. 3-5 reveal that PROP code methods underestinate the power o u t p u t  of 

wind turbines in the wind  speed range of interest: 'qcut-in" t o  rated, 

Comparison o f  PROP predictions w i t h  expei8irnental da ta  was also performed in 

and $510 I t  was found t h a t  the PRQP code methods underpredicted power 

output: and overpredicted "'cut-in" wind speeds. Cl ~ a r l y ,  these Pi ndings are 

i n  tstal agreement w i t h  the current findings. 

When exfsting experimental da ta  For blade pitch angles other than 0" were 

compared to predicted results from both current and PROP models, i t  was Pound 

that  agreement i s  not as good as t h a t  displayed -in Fig. 3-5. A t  present, 

questions have been raised as t o  the re1 iabil ity of the experimental data 

E133. Thus, those comparisons w i 9  9 not be shown* However, i t  was be1 ieved 

t h a t  cofi~parison between PROP prediction and currlent method eslculations for 

different blade pitch angles may be of some value. This comparison i s  

presented !n the form o f  Tables I I ,  111 and I V  where cornputed power output i n  

kw i s  shown against wind speeds for the five methods of prediction a t  blade 

angles o f  -los 91' and respectively. I t  must a1 so be noted t h a t  the power 

va% ues presented are rotor power values i *e., they have not  been corrected by 

u s f n g  equatlon (3-1). Moreover, the d a t a  are presented in tabular form 

because of the difficulty in graphing results t h a t  are relatively close 

together over various portions of  the wind spectrum. 



Table  II .  Rotor Power Vs. W4nd Speed 

P i t c h  Angle: -1' 

PRANDT 
MODEL 

-.Jk&- 
-1.7 

6.3 

1% 8 

32. 3 

61.9 

92.3 

116.7 

133.4 

141.0 

135.9 

123.4 

100.4 

68,7 

28.4 

-18.0 

-67. 3 

-119.2 

- 
NO TI lP-LOSS 

MQDE t 
A!kw)- 

150 kw Rated Power 
33 RPM 

2 Blades 
= 3.8" 

23024 Airfoil 



Table 111. Rotor Psvrer Vs. nd Speed 

Pitch Angle: +lo 

150 kw Rated Power 
33 RPM 

2 Blades 
$ = 3 . 8 O  

23024 A i r f o i l  



Tabla IV. Rotor Power Vs. Wind Speed 

Pitch Angle: 9.3' 

150 kw Rated Power 
33 RPM 

2 Blades 
= 3.8' 

23024 A i r f o i l  



Comparing data contained 4n Tables I I  do % V  reveals t ha t  ths predicted 

maximum power output ificreases as the p i t c h  angle i s  increased from -I0 t o  

4-3'. Figure 3-7 was drawn i n  order t o  be t t e r  understand ths  distinction 

between p i t c h  angle settings. It can be seen t ha t  the largest  values o f  the 

e f fec t ive  angle sF attack, ne, occur f o r  negatively pitched wind turb ine 

blades and tha.t the smallest a, occurDs a t  pos i t i ve  p i  t ch  angles. To obtain an 

idea as t o  how the  e f f e c t i v e  angle o f  attack i s  d is t r ibu ted  along the blade, 

as  calculated by the present method, ore was p l o t t ed  f o r  f i v e  locat ions along 

the blade (3/8 span, k/2 span, 5/8 span, 3/4 span and 7/8 span) against wind 

ve loc i t y  i n  Figs. 3-8 t o  3-11, Each f i gu re  corresponds t o  a par t t cu la r  blade 

p i t c h  angle. Reference t o  the fou r  f igures reveals t ha t  a t  any blade 

1 ocation, a, ine~eases  as the wind ve loc i t y  increases and t ha t  the increase i s  

p r a c t i c a l l y  l inear.  !4oreover, i t  can be seen hy cornparison tha t  a t  a given 

blade I oeation and wind speed, ore decreases as the p i t c h  angle i s  changed from 

-1' t o  +3". Thus, blades w i t h  negative p i t e h  angles are "s ta l led"  a t  lower 

wind vel  oc i t i es  than are p o s i t i  vely p i tched b l  ades. 

Unfortunately the nature s f  t h i s  s t a l l  cond i t ion on ro ta t i ng  blades i s  

not we1 1 understood a t  present. I n  par t i cu l  ar,the e f f ec t s  o f  the cent r i fuga l  

fo rce  on the boundary layer  near the t i p  o f  the blade may, i n  fact,  delay the 

presence of s t a l l .  It should be noted t ha t  the s t a l l  condi t ion could be 

avoided, i n  the operating wind speed range o f  the wind turbine, by appropri- 

a te ly  tw i s t i ng  t he  blade a l  sng i t s  span. Bl ade t w i s t  angles may be found by 

apply ing the computational scheme developed i n  the preceding section. 

3.2 S i  ngle-51 aded Wind Turbine Calculat ions 

Current ly a la rge  5MW hor izontal  axis wind tu rb ine  i s  being designed f o r  

use Jn Germany. What makes t h i s  w s ~ k  notable i s  t h a t  the machine has only 

one blade t ha t  i s  balanced by a la rge  counterwejght on a stubby arm as 



a)  Positive pitch 

6 ) Negative pitch 

Fig. 3-7 Diagram s51owing the flow and brade angles at a blade elenwit 



Fig*  3-8 PLOT OF SECTION BtbGLE OF CiTTCICK US* MIND WELQCITV Rt DIFFERENT 
&O@hf%ONS Q t O K G  THE BLADE 



Fig.  4-9 PLOT OF SECTPOW ANGLE OF 6TTACK USo WIND VELOCITY AT DIFFERENT 
LOCfiTIQNS ALONG THE BthDS 



f i g *  3-30 PLOT OF SECTfON ANGkE OF ATThCK US. WfND VELOCITY AT DIFFERENT 
LOCATIONS hLBMG THE BLfiDE 



Fig*  3-11 PLOWOF SECTfQN ANGLE OF 8TTCICK US. WIND VELOCITY AT DPFFERENT 
LQCRTIONS ALONG THE BtUDE 



depicted i n  Fig. 3-12. It i s  be1 ieved t ha t  f o r  very la rge  wind turb.ines the 

use o f  a s ing le  blade reduces cap i ta l  costs without muck reduction i n  

aarodynami c eff ic iency.  

To t e s t  t h i s  premise, t he  computer program was used t o  compute the  

aerodynamf c performance OF a p a r t i  cul a r  one-bl aded machf ne. I n  the analyses, 

t h e  counterweight was taken t o  be 2400 l b s  and located a t  a rad ia l  pos i t i on  

25 feet  f rom the tu rb ine  ro ta t iona l  axis. The counterwel'ght and cyl indr-ical 

support spar are shown i n  Fig. 3-13. Calculat ion o f  counterweight e f f e c t  on 

t h e  performance was based on the assumptions :hat there i s  no c i r c u l  a t i s n  

around the counterweight o r  support spar and t ha t  the drag eoeff*ie-ients f o r  

these parts are 1 and 0,s respectively. 

Perfornrance o f  a one-bladed and a two-bladed r o t o r  are compared i r r  Figs. 

3-14 and 3-15. It can be seen tha t  a t  22 mph both machines p r~duee  t h e i r  

max*imum power. However, the one-bladed machine produces less than h a l f  as 

much power as the  two-$1 aded maehine. Furthermore, Fig. 3-15 reveal s t h a t  

t he  Lluo-bladed machine i s  also more e f f i c ien t .  Clearly, r o t o r  power o f  a 

one-bladed ro to r  can be increased, as shewn i n  Fig. 3-96, by operating a t  

higher r o ta t i ona l  velocity. This, o f  course, would be accompl ished a t  the 

cost o f  h igher star t -up o r  "cut- in"  speed. 

Inspect ion o f  Figs. 3-14, 3-15, and 3-16 reveals t ha t  they are not  

su f f i c i en t  t o  decide whether a s i  ngle-bl aded r o t o r  wind turb ine i s  p rac t i ca l  

or not. The Teas; b i l  i t y  o f  t h i s  concept strongly depends on the I ocal annual 

wind df s t r ibut ion.  W i  t k  such wind s t a t i  s t i c a l  data, l ocal annual power 

output of a one-bladed r o t o r  could be estimated. It should be mentfoned tha t  

the same annual power sf a two-bladed wind turb ine may be obtained f o r  a 

one-bladed tu rb ine  if diameter sf t h i s  turb ine i s  appropriately increased. 





Fig. 8-13 Counter-weight and support spar for one bladed rotor 
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4. CONCLUSION 
-)rS- 

In this repor*%, a. mett~od for the prediction sf  w'ind turbine performance 

has been developed. The equations presented are fa l  rly general : appl icabl e 

t o  any blade geometry or any airfofl seetion. Although calcul atisns were 

presented for only one and two bladed rotors, the method i s  app1 :cab1 e 

to wind turbines having any number of blades. 

The current method has been programmed on a high speed, digital computer 

t o  permi t extsnsi ve analys-i s. Two-dimensional ai rfoi 1 data was used as i n p u t  

to  the program. This input: data can be extended t o  include variations in 

Reynolds number and blade surface roughness, and therefore, can enable the 

computer progrsm t o  better predf et the performance of a blade element. 

Further refinement of the computer method may be required t o  take i n t o  

account an expanding wake and a non-uniform wi nd velocity. Moreover, a more 

suitable function for representing the circuf ation distribution t h a n  t h a t  

used i n  this a'nvestigation may be warranted. The disadvantage o f  the Fourier 

series expansion t h a t  was used i s  t h a t  the computing time increases sharply 

as the number s f  terms increases. Unfortunately, extensive comparison o f  

predicted w i  nd turbine performance was not possible because o f  the 

unava~lability of accurate data. Such a comparison will be made i n  the 

future, as soon as the data are available, and the results will be reported 

i n  Volume I11 o f  this report. 

I t  was predicted t h a t  large losses occur for a one-bladed wind turbine. 

And, t h a t  the peak power of a two-bladed rotor i s  approximately 50% higher 

t h a n  t h a t  of sne-bladed rotor operating a t  a particular rotational speed. 

However, by increasing the diameter, the same peak power of a two-bl aded 

turbine m a y  be obtained for a one-bladed tur5bine and may s t i l l  be 

ecsnsmi cal ly campet! tive w i t h  a turbine having more blades. 
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APPENDIX A 

Review o f  Varjsus Methods of Mf nd Turbine Aerael,vnani c Performance 

Ca? cul at ion 
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Fig. 8-1 The f l ~ w  field and con49.~i vslunie for mom en to^ theory 



I f  Ap 4s the d$seotillnusus decrease fn  the s ta t i c  pressure across the 

ro to r  d t sk ,  than the aria1 force on ro to r  may be expressed as 

F = Aap 

An expressl'sn f o r  Ap can be obtaqt~bd by apply'ing Bsrnoanl l i ' s equatjan l'n 

f ro t i t  05: and behind the r o t o r  dJsk 

Subtsactisn and rearrangement brings 

Therefore, the ax ia l  force on the wind turbine i s  

Unit ing t h i s  squat9011 wi th  equation QA-1) resul ts  i n  

Thus, the  ve loc i ty  o f  flow through the disk i s  the arithmetic average o f  the 

upstrgarn and d~wnstream vel sci  t9es. 

An axial interference factor, a, i s defined as the fract ional  change i n  

the  freestream ve1ecSty tha t  occurs ahead o f  the disk, i .ee , 
V, - U 

a s -  

Hence, the veloc i ty  o f  f l o w  through the disk may be wr i t ten  

bB = Vo(9 - a) 



Equatf ng squati ons (A-2 9 and (A-3 1 and rearrangi ng reveal s tha t  

And i t  may be seen t ha t  when the r o t o r  absorbs a l l  the energy o f  the  f low 

(V2 = O), the Snterference f ac to r  w i l l  have a value o f  1/2. 

The power absorbed by the  r o t o r  i s  equal t o  the mass Plow r a t e  times the  

change i n  k fnd t i c  energy o f  the incoming f l u i d ,  i .e . ,  

Combtn4 ng equat! ons (A-2), (A-4) and (A-51, y i e l d s  

It can be seen that  f o r  a given wind speed, r o t o r  s ize and a i r  density, the  

power absorbed depends only on the Inter ference factor. Hence, maxjrnurn power 
d P 

i s  produced when- -- 0. It i s  easy t o  show t h a t  t h i s  condi t ion occurs f o r  
da 

1 
an ax ia l  interference value s f  - . Thus, from (A-6) 

3 

and a power coe f f i c ien t ,  defined as 

has a maximum value o f  0.593. 

I f  the  r o t a t i o n  imparted t o  f low i s  included, i n  the  analysis, the  t o t a l  

reduction Jn trans1 at j sna l  k i n e t i c  enerw o f  the  f l o w  i s  

AK.E. = Power Extracted 9 RotatSon K.E. 



Thcrcfore, in order t o  obtain the maximum pswar Prom the stream, 4 t  4s 

necessary to keep the rotational kinetic energy as small as possible. 

Mcareovsr, the oleinent of torque is  equal t o  the angular momentum .imparted to 

t he  blade clement i n  untt time. This equation for a blade element a t  radial 

distance r, *if QW 55  the rotational velocfty ~f the air, can be written as 

dQ = 2n$,~~~ddr (A-9 9 

An angul ar i nterference factor 9 s def i ned as 

where SJ i s  the rotational v@loeity of the blade. Introducing equation 

(A-10) into equation (A-9) y9alds 

dQ = 4 ~ 3 ~ ~  a8Qdr (A-8 1 ) 

Usf ng t h i  s equation a9 ong with the previsf~s theory, a1 1 ows the incremental 

axial  force, torque and power t o  be written respectively as 

I t  should be inenti~ned t h a t  momentum theory provides a goad indicatjon of 

the power coefficient, b u t  fails t o  furnish the required design data  for the 

rotor blades except for the 1 imiting case of  an infinite number o f  blades. 





Fig. A-2 Force and velocity diagram for blade eiemet theory 



I f  the section 1 i f t  and drag eaefficients are known, the axial force and 

torque can be determined by i ntegrat ing equations (A-16) and (A-17) a? eng the 

blade. I t  should be mentioned t h a t  the blade characteristics are those of an 

airfoil OF the same cross-secti on i n  a two-dimensional airflowo 

The unsatisfactory feature of blade element theory i s  t h a t  i t  re1 ies on 

certain aSrfoil characteristics wh'l'ch vary w i t h  aspect ratio and which depend 

on the interference between the adjacent blades of a rotor. Further, this 

theory u~4iqg airfoil data c~rsesponding to a moderate blade aspect ratio, has 

been found t o  properly represent observed behavior of a propeller, bu t  fa i ls  

t o  pr~vide accurate numerical results [9Q. To improve the accuracy of blade 

element theory i t  has been suggested, 693, t h a t  the resultant velocity of the 

blade should be estimated i n  terms of modified velocities such as those t h a t  

were determined by the momentum theory. The combined momentum- bl ade el ement 

theory equations are similar to  those of the Glauert Vortex theory, f161 

which will be discussed in the fol lowing section. 

111. Gl auert Vortex Theory 

Glauert Vortex Theory i s  based on the assumption t h a t  trail ing 

vortices emanate from the trailing edge s f  rotating blades and form helical 

vortex sheets that pass downstream. The interference velocity experienced by 

the blades i s  calculated as the induced velocity of this vortex system on any 

blade element. The calculation of these induced velocities i s  simplified by 

assuming t h a t  the rotor has an Jnfinite number of blades. This assumption 

removes the complexity associated w i t h  the periodicity of rhe flow and 

permits the momentum theory to  be directly used t o  evaluate the interference 

velocities. For an element of blade shown i n  Fig. A-3 

W sin@ = V o ( l  a) 

W cosq = nr(l + a' ) 



Fig. A-3  Force and velocity diagram for GIlauert vortex theory 



Thus, the speed r a t i o  i s  

yo r 1 9 8 '  

XO = - = - - 
Ra R l - a  

where a and a' are ax ia l  and ro ta t iona l  inter ference fac tors  respectively. 

The incremental ax i d l  fo rce  and torque i n  non-dimensional form can be 

wrJtten, using equations (8-16) and (A-17), as 

where 

and B, s o l i d i t y  ra t io ,  i s  defined as 

I n  order t o  solve equations (A-21) and (A-22), +, and the jnter ference fac to rs  

must f i r s t  be determined. As an a i d  t o  t h i s  pr80cess, i t  may be assumed tha t  

there i s  an i n f i n i t e  number o f  blades, thus, momentum theory equations can be 

d i r e c t l y  applied. Tn addit ion, i f  t h e  r o t a t i o n  f n  the sl ipstream i s  neglected 

the fo l l sw ing  re la t ionsh ip  is  obtafned f rom (A-121, (A-21) and (A-23) 

a ~ L ( C L  C Q S ~  9 CD s i  n4) 
.-* = Llw- * 
l - a  4 sin2+ 



where ok, loeal sol idi'ey, S s defined as 

~ o r @ o ~ b r ,  equating (A-13) wi th  the elenent o f  torque obtained by comb-ining 

(A-2%) and (A-249, St i % easy t a  show that  

a ' a~ (Ck  sin+ - Cg cos$) 
T-78 = ( A d ? )  

4 sing, eos4 

These equations strfctly apply t s  a r o t o r  wi th  a large number o f  blades 

s i  nee the momentum theory equati sns have been ompl syedc gin approximate 

method ~f correct ing equations (A-26) and (A-27) t o  account f o r  a r o t o r  with 

a small number s f  blades i s  analogous t o  that use0 by Praradtl [I?>. 

According t~ that  method, the d is t r ibu t ion  s f  vortex strength over the  blade 

i s  related to the shape and motion o f  the airscrew6 The re la t i on  of the 

d is t r i bu t i on  s f  vortex strength to  the veloci ty field produced by i t  has been 

determined by Goldstein El01 fop optimum loading. I t  should also be mentioned 

that  the  G I  auevt Vortex theory does not account f o r  the 1 oss o f  1 ift toward 

the t i p s  of' the blades. However, f o r  t h i s  theory the concept o f  an e f fec t ive  

radius may be used t o  account for th is  Isss. 

I V ,  Prandtl Theory 

For the optimum c i rcu la t ion  condition, the vortex sheet i s  assumed 

t o  be a vaigfd he1 fcal surface rnovl"11. g backward wi th  constant veloci ty C181. 

Near the boundary of the surface there Js f lw  around the edges o f  the vortex 

sheet and thus, the flow ztcqtaJt~es an 3rnpsrt;ant rad ia l  component o f  velocity. 

Prandtl approximated the effect of thfs rad ia l  Plow by replacing the hel ica l  

vortex system, shcwn i f 4  F i  go A-4, w j t h  a series sT para1 I el l ines a t  a 



Fig. A-4 Idealized vortex system 

Fig. 64.- 5 Transformation representation 



regular gap S and extending inf in- i tely to 'i;he left as s f i o ~ n  Dn Fig. A-5, "Pha 

gap S rcpr~ssnts the normal d.istanee, a t  the boundary of the sJ ipstrsam, 

bctwsen the successive vortex sheets and can be wrftten as 

where 

A. = - 
Rsz 

Prandtl showed that if: the rigid vortex system moves downward w i t h  a 
T' velecity wa, the mean d~t:nf.sard v~locJty on the 1 ins P P a  a t  a distance b from 

the  edge o f  the 1 ines [Fl  g. A-5) becomes 

- 2 -1 -nb/S 
V = - Wg COS (e 

7T 
9 

Letting 

F g  can be interpreted as the fra@t%om o f  veloefty wo which i s  imparted t o  the 

f 1 ow o f  s e e t i  on vfl. P m  "ce a@orrespondr'ng propel Per anal egy then F' i s  

defined as 

where 



,-3 

4 bus, F '  Ps a rcductlon f ac to r  wh4ck aust be app8 ied t o  the momentum @quation 

f o r  tho flow a t  radOus r, 5-issee i t  represents the  f a c t  t h a t  ofiilly a fbaactlosa, 

B \ of the f1 t44d between suseess4 vc sheets o f  the  sl 9 pstream rccsJves the 

full effect of  tl~eaa "she9ts [93, AppPyJ t ~ g  t h i s  c ~ r r e e t i s n  t o  the earlies 

analysis o f  manenturn theory .i .e., equations (A-22) and (A-13) produces 

Nov cor Wning these equations wr'tla those obtajned i n  the blade a1 ement theory 

4 e ~ a ,  equateions (A-16) and (A-17) r esu l t s  i n  

Furthermore, duo t o  the radial f l o w  near the boundary of the slipstreasn, 

there Os a d r ~ p  o f  cOreul at isn  which can be represented by an ecguiivalent 

rotor with inf.jnPte number o f  blades but having the same drag. This  

equivalent radius o f  tkJs rotor 4s given i n  191 as 



Go'ldstcrin 6101 solved the problem of potent ia l  fhw past a body 

eonsistirag o f  a f i n i t e  number of eoaceial he1 icoids  s f  i n f i  t i i ta  I sngth, but 

f i n i t e  radius,  moving through an invise jd  f l u i d  w f t h  constant  velocity. 

Further, t h e  f l u i d  motion is  assumed t o  be f r ro ta t iona l .  The rssul t s  a r e  

applied t o  the case  of an ideal  airscrew hav4ng a f i n i t e  number of  blades and 

a parl ieu1 ar disLributOon of  c i rcul  at ion a l  sng the blade f o r  small values 

o f  t h rus t .  Goldstein 9903 speci f icz l  %y considered Getz's optimum condit ion 

[18] csrrespondit-rg t o  a r i g i d  kelicasid. The essen t i a l  result of' Goldsta*in's 

calcul  a t i s n  is t h e  determination sf the s t rengtk  of  the he1 i ca l  vortex system 

as a function OP radius. I-? r is  the  c i r e u i a t i s n  around 5 closed c i r c u i t  

cutt! ng a Rel icoid  a t  radius  r and encl osi  ng the par t  o f  t tie surfaee  outs ide  

t h a t  radius ,  then r is equal t o  t h e  d iscont inui ty  of  t h e  ve loci ty  potent ia l  
d r 

across t he  he1 icoidal  surface  a t  radius r, [9]. A1 so, -- , i s  equal t~ the 
d r  

s t r eng th  of the vortex sheet o r  equal t o  the discontinuity i n  the rad ia l  

component ve loci ty  ur through the fluid. The airscrew sur face  whl"ch was 

considered by Goldstein f s  defined a s  

0 - Q z / V  = O  o r  , 0 < r < R  .. m 
(8-34) 

where r, 0 and s a r e  cyl tndr ica l  coordinates. The a x l s  Z i s a1 sny the ax$ s 

of' the a i r sc rev  surTace* Usi ng the following coordinate transformation 

and 

Lap1 ace ' s  equation, namely v2@ = 0, -in cyl indr ica l  cooimdinates can be 



In reference [19], i t  i s  shown t h a t  the velocity sf the a i r  r e l a t i v e  t o  free 

stream velocity betweeti suecessPve sheets at  a large distance behJnd the 

rotor 3s normal t o  the vortex sheets. NOW, if uZ and ue are the axial and 

c i rcumferent i a1 esmponents QP vel oci ty  , t ke i  r vectsri a1 sum CP sse t o  the 

surface f s equal t o  the component velocity of the surface normal to i tself  

where w0 -is the vel aej t y  o? the surface and 4 is  the  he1 i x  angle. 

Noting tha t  

and usaing t h i s  equation together wfth  equations (A-35) and (A-361, i t  can be 



shown tha t  

I n  add i t ion t o  sa t i s f y i ng  equation (A-39), must bs a single-valued 

funct jon of pos i t i on  and i t s  de r i va t i ve  must vanish when r i s  i n f i n i t e .  

Furthermore, 0 m s t  be continuous everywhere except a t  the screw surface. 

Goldstein has solved t h i s  prob'lern and the so lu t ion  f o r  t h e  cl 'rcul a t i on  

d i s t r i b u t j o n  along the b l a d e  for any number o f  blades  i s  given i n  

where I funct ions are the modif ied Bessel functions and the F funct ions a r s  

computed from 

The T funct ions appearing i n  equa l i  on (A-41) can be calculated f rom 



so tha t  

T p  = 4$(1 - $1 1 (1 + ,12)4 (A-45) 

~4 = 16,2 t I - 1 4 ~ 2  + 21.~4 - 4,6 3 (I + ,217 (A-4 6 ) 

Goldstein defined a non-dimensional c i rcu la t fsn  factor  as 

This factor was calculated and p lot ted CIQ]. 

bock [%9% appl ied Go1 dstein' s soluta'on without rest rJet ion t o  an 

arbftsary c i rcu l  a t f  on d i  s t r ibu t ion  i n  order t o  obtain the interference 

veO sea" t9 es instead o f  f s l  l mi ng the standard form1 a o f  the 61 auert Vortex 

theory [f 61, He showed that the a x i a l  and eireumferential components o f  the 

f nterferenee velocity a t  the ro to r  pP ane d i f fe rs  f rom those sf GI auert vortex 
cos29 

theory by a factor  -, i f  the he l i x  angle i n  both cases i s  assumed t o  be 
K 

the sane. ApplyS ng th t  s factor, Lock modified the G l  auert Vortex method f o r  

the  case s f  a small number o f  $1 sdes. 
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The theoretical development of a method of analysas for predict-ion of the aero- 
dynmi c performance o-f' horizontal axis wing 4 t u ~ b i n e s  is presented i n  tha" s report. 
The method i s  based on the assumption that a k~elieal vertex emanates Prom each 
blade element. Collectively these vortices f vnm a vnrtsx system that extends 
inf i n $  tel y far downstream of the blade. We1 sclc2ies induced by t h i  s vortex system 
are found by applyjng the Biot-Savart law. Wcs~~dtn~ ly ,  this method avoids the 
use of any interference factors which are used i n  many of the momentum theories. 
What's more, the method can be used to predict t h e  performance of wind turbines 
with a small number of blades. The wlnd turbine performance o f  a two-bladed rotor 
is determined and compared t o  existing experlmantal data and Lo corresponding 
values computed from the widely used PROP code. I t  was found that the present 
method compared favorably w i t h  experimental data especially for low wind veloci- 
ties. The wind turblne perf~rmance of a single-bladed rotor 3s determined subject 

Wind turbine aerodynamics 
He1 Scal vortex theory 


